International Journal for Quality Research 12(1) 17-42

Jean-Claude Malela-
Majika!

Busanga Jerome
Kanyama

Eeva Maria Rapoo

Article info:
Received 14.05.2017
Accepted 30.08.2017

UDC -311.15
DOI -10.18421/1JQR12.01-02

. Introduction

ISSN 1800-6450

IMPROVED SHEWHART-TYPE X
CONTROL SCHEMES UNDER NON-
NORMALITY ASSUMPTION: A MARKOV
CHAIN APPROACH

Abstract: In statistical process control and monitoring
(SPCM), traditional (or classical) X control schemes are
designed under the assumption of normally distributed data.
However, in real-life applications, the normality assumption
could easily fail to hold, and the results would no longer be
realistic. Therefore, X control schemes designed under
flexible probability distributions are needed. In this paper, we
consider to improve the Shewhart-type X control scheme
using supplementary 2-of-(h+1) and 1-of-1 or 2-of-(h+1)
runs-rules (where h > 1) for non-normal data. The proposed
control schemes are designed using the Burr type XII
probability distribution function (pdf) because of its
properties and suitability for general industrial applications.
The performance of the proposed control schemes is
investigated using the Markov chain approach. It was found
that the proposed schemes outperform the existing standard
and improved X control schemes in many cases. An
illustrative real-life example is used to demonstrate the
implementation of the proposed schemes.

Keywords: Burr type XII X control scheme, 2-of-(h+1)
scheme, improved 2-of-(h+1) scheme, Markov of chain
approach, zero-state mode, steady-state mode

standard Shewhart X control scheme. The
basic Shewhart control scheme gives a signal

Statistical techniques have been used in
manufacturing systems to improve the quality
of products and services. Control schemes are
mostly used in process monitoring to detect
the occurrence of assignable causes as soon as
possible, and eliminate or reduce variability
in the process in order to avoid producing
non-conforming products. One of the most
used control schemes is the basic (or 1-of-1)
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if one single charting statistic, that is, the
sample mean, X, falls on or above the upper
control limit (UCL) or on or below the lower
control limit (LCL) which are defined by

UCL/LCL= po+koy, 1)

where k is the distance of the control limits
from the centerline (CL) (see Figure 1).
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Figure 1. Basic X control scheme

The basic scheme is known to be more
sensitive in detecting large shifts; and
relatively insensitive in detecting small and
moderate shifts. To solve this problem, the
statistical process control and monitoring
(SPCM) literature suggests the use of runs-
rules as one of the solutions (Derman & Ross,
1997; Klein, 2000; Khoo, 2003; Shongwe &
Graham, 2016). Western electric company
(1956) introduced the idea of runs-rules in
SPCM in order to detect the nonrandom
patterns that may indicate an out-of-control
state on control schemes. A run is defined as
an uninterrupted sequence of the same
elements bordered at each end by other types
of elements (Montgomery, 2005). Runs are
very important in detecting patterns on a
control schemes. Western electric company
(1956) and Nelson (1984) defined eight rules
for detecting random patterns on control
schemes and later on, Trip and Does (2010)
reduced them to four. Since then, several
runs-rules have been considered in the
literature. Derman and Ross (1997) proposed
the non-side-sensitive (NSS) w-of-(w+v)
control schemes. The NSS  w-of-(w+v)
schemes signal when w out of w+v
successive samples fall on or outside the
control limits, no matter whether some (or all)
of the w samples fall above the UCL and
others (or all) fall below the LCL which are
separated by at most v samples that fall
between the control limits. Klein (2000)
proposed the side-sensitive w-of-(w+v)
control schemes (where, the positive integers

w =2 and v =1 and 2) that signal when w
samples out of w + v successive samples plot
above (below) the UCL (LCL) which are
separated by at most v samples that plot
below (or above) the UCL (LCL),
respectively. Later on, the improved runs-
rules control scheme was proposed by Khoo
and Ariffin (2006), which is a combination of
the basic 1-of-1 run-rule and the w-of-(w+v)
runs-rules of Klein (2000) denoted 1-of-1 or
w-of-(w+v) control scheme. The improved
runs-rules were found to be superior in
performance for large process mean shifts,
while maintaining the same sensitivity in
detecting small shifts.

In many industrial applications, the
occurrence of non-normal data is quite
common. The violation of the normality
assumption may result in many false alarms
and lead to erroneous X control scheme
performance evaluation. To avoid this,
probability distributions that are more
flexible are needed. Since the Burr type XIlI
(hereafter BTXII) distribution (i) has drawn
more attention in reliability studies, (ii) is
used to fit almost any given unimodal lifetime
data and (iii) it includes twelve types of
cumulative distribution functions (cdfs)
which yield a variety of density shapes
(Tadikamalla, 1980; Mahmoud & Aufy,
2013; Rezac et al., 2015); therefore, it is fair
enough to construct the X control schemes
assuming that the underlying distribution
follows a BT XII distribution.

In this paper, we use the NSS 2-of-(h+1) and
1-of-1 or 2-of-(h+1) schemes to improve the
Shewhart-type X control scheme for non-
normal distributed data under the assumption
of known process parameters (case K) for
monitoring the process mean. The zero-state
(ZS) and steady-state (SS) performances are
investigated using Markov chain approach.
The side-sensitive 2-of-(h+1) and 1-of-1 or 2-
of-(h+1) Shewhart-type schemes will be
reported in a separate article.

The remainder of this paper is presented as

follows: Section 2 introduces the design of
the NSS 2-of-(h+1) and 1-of-1 or 2-of-(h+1)
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Shewhart X control schemes using the BTXII
distribution. In Section 3, the ZS and SS
characteristics of the run-length (RL)
distribution of the proposed control schemes
are derived using the Markov chain approach.
In Section 4, the in-control (IC) and out-of-
control (OCC) performances of the proposed
control schemes are discussed, and the
proposed control schemes are compared to
the traditional NSS 2-of-(h+1) and 1-of-1 or
2-of-(h+1) Shewhart-type X control schemes.
An illustrative example is given in Section 5
using real-life data. Concluding remarks and
some recommendations are given in Section
6.

2. Design of the Shewhart-type X
control schemes under the BXII
distribution

2.1. The basic Shewhart-type X control
scheme

The BTXII distribution was introduced in
literature by Burr (1942) and plays an
important role in SPCM to study the effect of
non-normal underlying distribution. Tables of
the expected mean, standard deviation,
skewness coefficient and kurtosis coefficient
of the Burr distribution for various
combinations of BTXII parameters ¢ and g
was presented by Burr (1973). Since then, the
BTXII distribution has been used in reliability
analysis, including SPCM designs because of
its flexibility to approximate any given type
of unimodal distribution (Zimmer et al., 1998;
Rezac et al., 2015; Azam et al., 2016;
Wooluru et al., 2016).

Assume a situation in which {X;;; i > 1 and
j=1,..,n} is a sequence of samples from
independent and identically distributed (iid)
N(ug, 02) distribution where p, and o, are
the specified IC mean and standard deviation,
respectively. The process is said to be OOC if
the sample mean, X;, plots outside the control
limits defined in Equation (1). The cdf of the

Burr distribution is given by

F(y) =1 fory >0

)
where ¢ and g are greater than one and
represent the skewness and kurtosis of the
Burr distribution. Chen (2003) showed that
when the random variables X and Y have the
same skewness and kurtosis. Therefore, there
is a relationship between the random
variables X and Y which is defined by:

(a+yo)d

XX Y-M

Sy - S ) (3)
where X and s, represent the sample mean
and standard deviation of the data set,
respectively; whereas, M and S represent the
mean and standard deviation of the
corresponding Burr distribution.

From Equation (3), the sample mean can be
defined by:

oo

X=|J-0+(Y'M) S\/ﬁ (4)
Based on the above information, the
probability that the process is IC is given by
P(LCL<X<UCL)=

1 1

= - ()

[1+(M-kS)€]a  [1+(M+kS)c]d”
When the process mean has shifted to u =
Uo + 60y, then the probability that the
process is IC is given by:

P(LCL<X<UCL|w)=
1 1

" [1+(M+S(k+8vn))<]d ©)

[1+(M-S(k-6vn))]4

where 6 represents the difference (or shift) in
the location parameter.

The IC average run-length (ARL,) of the
basic Shewhart-type X control scheme under

the BTXII distribution (hereafter BTXIl X
control scheme) is given as follows:

1
ARLo= 1 ( T 1 )
\[1+M-kS) )T [1+(M+kS)C]d

()

and the OOC average run-length (ARLg) is
given by:
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(®)

ARLg=
1-( 1

1
[1+(M-S(k-8vn))€]d [1+(M+S(k+&/ﬁ))c]q)

2.2. The NSS 2-of-(h+1) and improved 2-of-
(h+1) Shewhart-type control schemes

The two-sided NSS 2-of-(h+1) control
schemes signal when 2 out of h+1
successive samples fall on or outside the
control limits, no matter whether one (or two)
of the h + 1 samples fall above the UCL and
the other (or two) fall below the LCL which

are separated by at most h — 1 samples that
fall between the control limits. The two-sided
NSS 2-of-(h+1) control schemes have three
regions, which are A= [UCL,+»), B =
(LCL,UCL) and C = (—oo, LCL] (see Figure
2(a)). These regions can be reduced into two
regions which are: region 0 = AU C and
region B.

region A

<
Q

region B

Charting statistics

~
[

region C

Sample number / Time

(@) 2-0f-(h+1)

Charting statistics

N
region 1
ucL
region 2 @
unL
region 3
o
region 4 /D
LCL
region 5

Sample number / Time

(b) 1-of-1 or 2-of-(h+1)

Figure 2. X Burr XII control schemes zones

The probabilities of a charting statistic
falling in a specific region are given by:

1

pa(8)=P(X=UCL)=1-

pp(8)=P(LCL<X<UCL)=

[1+(M+S(k+8v/n))c]a
1

L ©)

[14+(M-S(k-8vn))¢]e [1+(M+S(k+8vn))<]d

1

pc(8)=P(X<LCL)=

respectively, where & is the mean shift
expressed in terms of the standard deviation
units.

The two-sided 1-of-1 or 2-of-(h+1) control
schemes signal when either a single sample
mean falls on or above (below) the UCL
(LCL) or when 2 out of h+ 1 successive

20

[1+(M-S(k-6v/n))c]a

samples fall on or outside the warning limits,
no matter whether one (or two) of the h +
1 samples fall above the upper warning limit
(UWL) and the other (or two) fall below the
lower warning limit (LWL) which are
separated by at most h — 1 samples that fall
between the warning limits. In general, the
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two-sided NSS 1-of-1 or 2-of-(h+1) control Figure 2(b)). These regions can be reduced

schemes have five regions, which are region into three regions, which are D = 1U5, region
1= [UCL,+), region 2 =[UWL,UCL), E = 2U4 and region 3.
region 3 = [LWL,UWL], region 4= The probabilities of a charting statistic falling
(LWL, LCL), and region 5 = (—oo,LCL] (see  jn a specific region are given as follows:
= 1
§)=P(X=UCL)=1-
P1®)=P( )= (Mts(e +vm) T
- 1 1
§)=P(UWL<X<UCL)= -
P2(8)=P( ) [1+(M+S(k1+5x/ﬁ))c]q [1+(M+S(k2+5\/ﬁ))c]q
- 1 1 (10)
6)=P(LWL<X<UWL)= -
P3(8)=P( ) [1+(M-S(k1-5x/ﬁ))c]q [1+(M+S(k1+5\/ﬁ))c]q
_ 1 1
8)=P(LCL<X<LWL)= ;
P S S oWt (1 (M-S, SV Te
1

2.3. Transition probability matrices {00,0B0}.

(TPMs) for the proposed schemes To evaluate the ZS RL properties of the 2-of-
(h+1) schemes, we decompose the absorbing

In this section, we lay the foundation and  patterns A into simple transient sub-patterns,
introduce necessary notations which are later denoted by 7, by removing the last state. In

used to derive the run-length (RL) properties ., example, when h =1, 7, = {0} and
of the proposed Shewhart-type BTXIl X when h=2, n,={0} and ns = {OB}.
control schemes using Markov chain Afterwards, we create a dummy state,
approach. denoted by ¢, defined by {B} for any value
The 2-of-(h+1) runs-rules schemes need at of h, that is, ¢ = {B}, which represents the IC
least h plotting statistics to decide if the  state. Finally, the state space, denoted by Q,
process is IC or OOC. In this paper, we used is the set of all the components. When h = 1,
a look forward approach to construct the Q= {¢p;n,;00C}. For h=2, Q=
TPMs of the proposed schemes. Thatis, fora  {¢:7,,175,;00C}. Table 1 presents the
specific h, take a sample of size n and  decomposition of the TPM’s state space of
compute the sample mean; if at some random the NSS 2-of-(h+1) schemes when h = 1, 2,
time t the sample mean plots outside the 3,4 and 5. The construction of the TPMs are
control limits for the first time, then we keep  explained in details in Appendix A. For the
track of the number of samples from t + 1 improved NSS 2-of-(h+1) schemes, let
until time t + h. Therefore, the compound assume that D = 1U5 and E = 2u4. When h =
patterns of the look forward approach have 1, the absorbing states are given by A; = {D}
either h or h + 1 elements. For instance, let  and A, = {EE}. The simple transient and
assume that Region 0 = Region A U Region  dummy state sub-patterns are given by n, =
C (ie. 0 = AUC) for the NSS 2-of-(h+1)  {E} and ¢ = {3}, respectively. Finally, the
scheme. When h = 1, it can be seen that the state space of the improved 2-of-(h+1) is also
absorbing state is given by the compound given by Q = {¢; n,; 00C}. The state space
pattern, denoted by A, ie. A=A; ={00}.  of the improved 2-of-(h+1) NSS schemes of
When h = 2, the absorbing states are given  any h value is constructed in a similar way.
by A; = {00} and A, = {0BO}, that is, A =
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Table 1. Decomposition of the TPM’s state space of a two-sided 2-of-(h+1) NSS schemes when
h=1234&5

h A ) n Q

1 A,={00} n={B} n.={0} {¢:n2;00C}

2 A,={00}, A,={0B0} n:={B} 12={0}, n;={1B} {:12.m3,00C}

3| MO B | megey | DR DR {§m2.1314700C}
A,={00}, A,={0B0}, - n2={1}, n={1B}, . :

4| A;={0BBOY, A,={0BBB0} | M=BY |} —18BY Ay={18BBY | ($M2aas;00CH
£,={00}, A,={0BO0}, _ _

- n2={0}, n3={0B},
5 o et m={B} | 7,={0BB}, ns={0BBBY, | {$in.mamans. 16:00C}

As={0BBBBO0} 1,={0BBBB}

*Assume Region 0 = Region A U Region C, i.e. 0 = AuC

Table 1 yields the TPMs in Table 2 using the Equation (9) and the probabilities p;, p,,...
look forward approach whenh =1, 2, 3 and 4 and ps of the improved 2-of-(h+1) are
where the probabilities p, pg and p. of the 2- computed using Equation (10).

of-(h+1) schemes are computed using

Table 2. TPMs of the proposed schemes whenh =1, 2, 3and 4

h 2-of-(ht1) schemes 1-0f-1 or 2-of~(/111) schemes
1 b 1, 00C
$ e 00C ¢ Pz Pe Pp
¢ P8 Mo 0 nz |ps 0 petpo
N, |pg 0 Po oocjp o o0 1
ooCc | o0 0 1
2 b 1, 1 00C
] Q0C P ps pe O Pp
¢ |ps pPo O 0 2 0 0 ps petrmo
M2 0 0 pz  po ns |ps 0 0 petpp
ms |ps 0 0 pg ooclo o o 1
ooCc | o0 0 0 1
[ B PR PR/ Y 00C [ P P 00oC
® Ipg po 0O O 0 ¢ ps pg 0 O Pp
M2 0 0 pg Po 2 0 0 pg O Pe+Pp
3 UES 0 0 0 pg Po UE! 0 0 0 p; Pe +Pp
na fpe 0 0 O Po ny fpz 0 0 0O Pe +Pp
ooCcy o 0 0 0 1 ooCy 0 0 0 0 1
N N, & 1. n. 00C U PR N PR 00C
¢ pg m 0 0 0 0 ¢ ps pg 0 0 0 Pp
Nz 0 0 pp 0 0 p M2 0 0 p3 0 O PetPp
4 UE! 0 0 0 pg 0 pp UE] 0 0 0 pg O P+ Pp
ny |0 0 0 0 pz po na |0 0 0 0 p3 petpp
ns |pg 0 0 0 0 pg s |ps 0 0 0 0 PgtPp
ooCc | o 0 0 0 0 1 ooCc | o 0 0 0 0 1
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Po = Pa+Dc, Pp =1 +psand pg =p; +p,
Therefore, for any value of h the TPMs of

the two-sided NSS 2-of-(h+1) and 1-of-1 or
2-of-(h+1) are given by:

¢ N2 N3 N4 NMh+1 00C
¢ PB Po 0 0
N2 0 0 PB Po
N3 0 0 0 PB Po
: : : : : : (]_]_)
Mh 0 P Po
Nh+1 PB Po
oocC 0 1
and
(o) 112 713 74 77;1+1 00C
¢ b3 PE 0 0 0 Pp
M2 0 0 P3 0 0 Pe +Pp
N3 0 0 0 P3 0 Pe +Pp
: : : : : : (12)
Nu 0 0 0 0 P3 Pe +Pp
NH+1 P3 0 0 0 0 Pe +Pp
00oC 0 0 0 0 0 1

respectively, where

Po =DPa+DPcPp = D1t Ds
and pg = p; + ps-

3. Run-length distribution of the
proposed control schemes

In this section, we give the expressions of the
RL distribution of the proposed control
schemes. We also present some extensions to
the existing components of the proposed
schemes.

The ZS and SS RL characteristics are mostly
used to investigate the short-term and the
long-term RL properties of a monitoring
scheme, respectively. The ZS RL is defined
as the number of plotted points at which the
chart first signals given that it begins in some
specific initial state; whereas, the SS RL is the
number of points at which the chart first
signals given that the process begins and stays
IC for a long time, then at some random time,
an OOC is observed.

For any integer T (with T = h + 1), using
Markov chain approach, Equations (11) and
(12) can be written:

Q‘EXT | Frx1 >

P(‘r+1)><(r+1)=< o
1xt | 11><1

(13)

where Q@ = Q.. is the essential TPM of the
chart, r =1— Q1 with r =r,q, 0, =
(00..0))and1=1,, =(11..1)".

Therefore, the ZS and SS RL distribution of
the proposed schemes is given by:

P(N=t)=§ Q"' (I-Q)1
fort=1,2,3,.. with Q° =1 (14)

where I =1, and § = &;,,.The ZS and SS
ARL of the proposed scheme is given by:

ARL(ﬁ)zglxr'ARerl(S)' (15)
Where

ARLx (6)=(I‘EXT'QTX‘E (8))1 Loxi
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3.1. Characteristics of RL distribution of
the 2-of-(h+1) scheme

Qixe=(100...0)
ElX‘r= s = 1
Ixt 1+h Po

Using equations (15) and (16), the zero-state
ARL (ZSARL) of the two-sided NSS 2-of-
(h+1) scheme for any value of h is given by:

ZSARL(8)= - pB a7
1- pg-ph- pp+t
SSARL(8)=8;x*ARL y; (§)= ———
where Po=Pa+Pc
1

S1x¢= Tinpe (1 po po-- Po) and
L;(8)
L,(8)
L3(8)
L,(8)

ARLy1(8)= :

Ly2(8)
Lp.1(8)
Ly(8)
Lp4+1(6)

3.2. Characteristics of the RL distribution
of the 1-of-1 or 2-of-(h+1)

Using Equations (13), (15) and (16), the
ZSARL of the NSS 1-of-1 or 2-of-(h+1)
scheme for any value of h is given by:

(1 po po--

+

1po +pg

The &,,, vector of the 2-of-(h+1) scheme is
given by:

for the ZS mode

po) for the SS mode (16)

However, using Equations (13), (15) and
(16), the conditional steady-state
ARL (SSARL) of the two-sided 2-of-(h+1)
DR scheme for any value of h is given by

Li(®+-—— Zh“ Li(8), (18)

1+h

2-ph
1
1+py'-py
1 1+p5™-pg
57| 1+pi-pl
1+p3-pp
1+p3-py
1+Pwpg

1+pe X0 ph
1— p3(1+pepy”

and the SSARL the two-sided NSS 1-of-1 or
2-of-(h+1) scheme for any value of h is given
by:

h+1

1
SSARL={3 - (5)+ 1+h Zwl(ﬁ)

where @g= p::pr ,
S(1x0)= T+hey ——— @ @ 9o @o - Po) and
24

(20)

J.-C. Malela-Majika, B.J. Kanyama and E.M. Rapoo



International Journal fo

QUALITY
REBAEARCH

3.3. Overall performance measure

When researchers are interested in assessing
the control scheme’s performance for a range
of  shifts, Opin <8 <Opmax, It S
recommended to use the measures of the
overall performance (see Reynolds and Lou

(2010)). In this paper, we use one of the
Smax
AEQL= !
Q a max'ﬁmin
where f(6) is the pdf of a uniform

distribution with parameters 0 and 1.

When comparing several charts, the chart
with the minimum AEQL value performs the
best.

4. ZS and SS performance studies
of the proposed control charts

4.1. IC performance of the 2-of-(h+1) and
the 1-of-1 or 2-of-(h+1) schemes

The computation of the control limits is one
of the most important steps in the design of
control schemes. We considered the specified
values of M = 0.5951 and S = 0.1801, c = 4

1-p3(1+peph™h)

f (SZXARL(ﬁ)) xf(8)ds

h-1
1+pg Z p3

i=0

1

h-1
1+pg Z P3

i=h-1

h-1
1+pg Z p}

i=h-2

h-1
1+pg Z P}
i=3
h-1
1+pg Z p5
i=2
h-1
1+pg Z P}
i=1

characteristics of the quality loss function
(QLF), the average extra quadratic loss
(AEQL) value, in order to investigate the
overall performance of the proposed control
schemes. For more details on the overall
measures of performance, readers are referred
to Wu et al. (2008). The AEQL is defined by

1

(21)

and q = 6 proposed from Burr (1942) and
Azam et al. (2016) to design the proposed
control schemes. To compute the control
limits we need first to find the optimal control
schemes parameters k, k, and k,. The control
scheme parameters k,k; and k, of the
Shewhart-type BTXIl X NSS 2-of-(h+1) and
1-of-1 or 2-of-(h+1) control schemes are
computed using the following algorithm.

Step 1: Specify the size of the sample, n, the
value of h, ¢, q, M, S, the number of
replications, z, and the nominal IC
ZSARL (ZSARL,) and IC SSARL
(SSARLy). In this study we used n =
5,10and 25, h =1, 2, ..., 12 for the
2-of-(h+1) scheme, h =1, 2, ..., 10
for the 1-of-1 or 2-of-(h+1), ¢ = 4,
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q=6,M =0.5951, § =0.1801, 7=
10000 and we set the nominal
ARL, values at 250, 370.4, 500 and
1000.

Step 2: (a) For the ZS and SS NSS 2-of-

(h+1) schemes, set k to some value
and compute the probabilities p,, pg
and p. using Equation (9) so that
Equations (17) and (18) vyield the
desired nominal ZSARL, and
SSARL,. If the attained ZSARL, or
SSARL, value is greater (lesser) than
the expected (or desired) nominal
value, then decrease (increase) the
value of k until the attained ZSARL,
or SSARL, is equal to the desired
nominal value.
(b) For the ZS and SS 1-of-1 or 2-of-
(h+1) schemes, set k, to some value,
compute the corresponding k, (k, >
k,); and afterwards, compute the
probabilities py,p,,ps, v and ps
using Equation (10) so that
Equations (19) and (20) yield the
desired nominal ZSARL, and
SSARL,.

Step 3: From the value of the control
scheme parameters k,k; and k,
found in Step 2 evaluate the IC and
OOC performance in terms of the
ARL values and compute the AEQL
values using Equation (21). Record
each AEQL next to the

corresponding  control  scheme
parameters.

Step 4: Repeat Step 2 to 3 7z times (say
10000 times).

Step 5: Select  the  control  scheme

parameters that yield a minimum
AEQL. These parameters are called
optimal control scheme parameters.

Step 6: Use the optimal control scheme
parameters to compute the OOC
ARL (ARLs) by varying the mean
shift (6= 0.1 (0.1) 2.5).

Table 3 displays the optimal ZS and SS
parameters of the NSS 2-of-(h+1) BTXII X
control schemes for different nominal

ZSARL, and SSARL, values when h = 1,
2,..., 12. Table 4 gives the optimal ZS k, and
(in brackets) SS k, values of the NSS 1-of-1
or 2-of- (h+1) BTXII X control schemes for
an nominal ZSARL, (or SSARL,) of 370.4
when h=1,2,...,10and k; = 2.1, 2.2, ...,
3. From Tables 3 and 4 we can see that for
both ZS and SS modes, the larger (smaller)
the value of h, the larger (smaller) the
distance between the CL and the control
limits. When h is kept fix, the larger (smaller)
the nominal ZSARL, (or SSARL,) value, the
larger (smaller) the distance between the CL
and the control limits. Moreover, Table 4
show that for a given nominal ZSARL, (or
SSARL,) value, when the distance between
the CL and the warning limits (i.e., k)
increases, the distance between the CL and
the control limit (i.e., k,) must be decreased
in order to reach the required ZSARL, (or
SSARL,) value and vice versa.

Table 5 shows that in ZS mode, regardless of
the sample size, the addition of the NSS 2-of-
(h+1) runs-rules improves the Shewhart-type
BTXII X control scheme in the interval 0 <
h <3 and reach the maximum efficiency
when h = 3. The detection ability of the
proposed 2-of-(h+1) scheme gradually
deteriorate as the value of h increases above
3 (i.e. h > 3) (see also Figure 3(a)). Table 6
shows that in SS mode, when n = 5, the
proposed 2-of-(h+1) scheme performs better
forh =6 and 7. When n > 5, the addition of
runs-rules improve the sensitivity of the
proposed 2-of-(h+1) schemes. In this
particular case, the more we add runs-rules
(i.e. the more h is large), the better the
efficiency of the control scheme (see Figure 3
(b)). However, for large value of h the
computation of the optimal control scheme
parameters becomes time consuming. Tables
7 and 8 show that in both ZS and SS modes,
regardless of the sample size, the more h is
large, the better the efficiency of the proposed
Shewhart-type NSS 1-of-1 or 2-of-(h+1) X
control schemes. For the ZS mode, when n >
5, the 1-of-1 or 2-of-(h+1) schemes perform
similarly when h > 9 (see Figures 3 (c) and
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(d)). Moreover, Tables 5-8 show that for the
2-of-(h+1) schemes, the ZARLs values
converge towards two as the mean shift (&)
increases and the SSARLs values for large
shifts are slightly less than two. For the 1-of-

1 or 2-of-(h+1) schemes, both the ZARLs and
SSARLg values converge towards one as o
increases. Therefore, the 1-of-1 or 2-of-(h+1)
schemes outperform the 2-of-(h+1) schemes
for large shifts.

Table 3. Optimal k values of the NSS 2-of-(h+1) Shewhart-type BTXII X control schemes for
different nominal ARL, when h =1 (1) 12
Zero-state Steady-state
Attained ZSARL, Attained SSARL,
250 370.4 500 1000 250 370.4 500 1000
1 | 1.83793 192464 1.98841 2.12890 | 1.83877 1.92519 1.98882 2.12916
2 | 197454 205817 2.11966 2.25536 | 1.97574 2.05896 2.12023  2.25561
3 | 204973 213209 219263 2.32633 | 2.05128 2.13311 2.19337 2.32671
4 | 210100 2.18273 2.24278 2.37549 | 2.10289 2.18397 2.24369 2.37596
5 | 213958 2.22099 2.28079 2.41302 | 2.14195 2.22255 2.28193 2.41361
h 6 | 217034 2.25159 2.31127 2.44327 | 2.17291 2.25329 2.31251 2.44391
7 | 219580 2.27701 2.33665 2.46861 | 2.19871 2.27894 2.33805 2.46932
8 | 221745 2.29869 2.35833 2.49033 | 2.22069 2.30084 2.35991 2.49111
9 | 223623 2.31755 2.37724 250944 | 2.23980 2.31992 2.37898 2.51028
10 | 2.25278 2.33421 239397 2.52637 | 2.25667 2.33680 2.39588  2.52728
11 | 2.26754 2.34911 2.40897 254162 | 2.27176 2.35192 2.41103 2.54263
12 | 2.28084 2.36257 2.42253 2.55543 | 2.28538 2.36560 2.42476 2.55656
Table 4. Optimal k, values for the NSS 1-of-1 or 2-of-(h+1) Shewhart-type BTXII X control
schemes for a nominal ARL, of 370.4 when k; =2.1 (0.1)3and h =1 (1) 10
h
. : . N 5 6 7 8 9 10
3.22287
21 3.22360)
5| 312133 325013 347655
““1(3.12164) (3.26053) (3.48178)
53| 307266 313131 320224 329010 3.40363 358490
"2 1(3.07281) (3.13185) (3.20356) (3.29290) (3.40939) (3.60582)
54| 304781 307464 310402 3.13636 317216 321206 325683 330754 3.36584 3.43497
| 04788) (3.07488) (3.10453) (3.13731) (3.17377) (3.21460) (3.26070) (3.31327) (3.37428) (3.44776)
o5 | 303497 304727 306011 307353 308758 310230 3.11775 3.13398 315106 3.16906
. " 1(3.03500) 3.04737) (3.06033) (3.07392) (3.08819) (3.10320) (3.11901) (3.13570) (3.15335) (3.17204)
! 5| 302846 3.03385 303935 3.04496 305068 305651 306246 306854 3.07475 3.08108
> 1(3.02848) (3.03390) (3.03944) (3.04511) (3.05092) (3.05686) (3.06294) (3.06917) (3.07555) (3.08209)
57| 302531 302746 302962 303180 3.03400 303622 303845 3.04070 304296 3.04525
" 1(3.02531) (3.02747) (3.02966) (3.03186) (3.03409) (3.03635) (3.03862) (3.04092) (3.04325) (3.04560)
5g | 302389 302460 302531 302603 3.02674 302746 302818 3.02890 302963 3.03034
"= 1(3.02389) (3.02460) (3.02532) (3.02605) (3.02678) (3.02750) (3.02824) (3.02897) (3.02971) (3.03045)
59| 302333 302348 302364 302379 3.02394 302410 302425 3.02440 302455 3.02471
~ 1(3.02333) (3.02348) (3.02364) (3.02379) (3.02395) (3.02411) (3.02426) (3.02442) (3.02457) (3.02473)
30| 302318 302318 302319 302319 302319 302320 302320 3.02321 302321 3.02321
" 1(3.02318) (3.02318) (3.02319) (3.02319) (3.02319) (3.02320) (3.02320) (3.02321) (3.02321) (3.02321)
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Table 5. ZSARL and AEQL values for the NSS 2-of-(h+1) Shewhart-type BTXII X control
schemes for n =5, 10 and 25

n [Shift (8) h
1 2 3 4 5 6 7 8 9 10
0.0 |370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40
0.1 |293.83 293.33 294.66 296.43 298.31 300.19 302.05 303.84 305.58 307.25
0.2 |171.05 163.82 161.26 160.26 159.98 160.09 160.43 160.91 161.48 162.12
0.3 88.82 8146 7854 7710 76.34 7596 7581 7581 7591 76.08
0.4 46.57 4155 39.64 38.73 3827 3806 3799 38.02 3810 38.23
05 2595 2290 2184 2138 2120 2115 2118 2127 2138 2152
0.6 1560 1378 1322 13.03 1299 13.04 1312 1323 1335 1349
0.7 10.12 9.02 8.74 8.68 8.72 8.79 8.89 9.00 9.12 9.24
5| 0.8 7.05 6.37 6.23 6.24 6.31 6.39 6.49 6.59 6.69 6.79
0.9 5.23 4.80 4.75 4.79 4.86 4.94 5.03 5.11 5.19 5.27
1.0 411 3.83 3.83 3.88 3.95 4.02 4.09 4.15 421 4.27
1.1 3.40 3.21 3.23 3.28 3.34 3.40 3.45 3.50 3.55 3.59
1.2 2.93 2.81 2.83 2.88 2.93 297 3.01 3.05 3.08 311
1.3 2.61 2.53 2.56 2.60 2.64 2.67 2.70 2.73 2.75 2.77
1.4 2.40 2.35 2.38 241 2.44 2.46 2.48 2.50 2.52 2.53
1.5 2.26 2.23 2.25 2.28 2.29 231 2.33 2.34 2.35 2.36
AEQL | 60.90 58.64 5824 5825 5841 58.64 5890 59.16 59.42 59.68
0.0 |370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40
0.1 |240.94 237.01 236.45 236.93 237.86 238.98 240.22 241.49 242.78 244.07
0.2 9955 9190 8887 8737 86.60 86.22 86.09 86.11 86.24 86.44
0.3 40.14 35.67 34.00 3322 3284 3268 3264 3268 3277 3291
0.4 1841 16.24 1554 1528 1520 1522 1529 1540 1552 15.66
05 9.84 8.78 8.51 8.46 8.50 8.58 8.68 8.78 8.90 9.02
0.6 6.05 551 5.42 5.45 5.52 5.60 5.70 5.79 5.88 5.97
0.7 4.20 391 3.90 3.95 4.02 4.09 4.16 4.23 4.29 4.35
10| 0.8 3.23 3.07 3.09 3.14 3.19 3.25 3.30 3.34 3.38 3.42
0.9 2.69 2.60 2.63 2.67 2.71 2.74 2.78 2.80 2.83 2.85
1.0 2.38 2.33 2.36 2.39 241 244 2.46 247 2.49 2.50
1.1 221 2.18 2.20 2.22 2.23 2.25 2.26 2.27 2.28 2.29
1.2 211 2.10 211 212 2.13 2.14 214 2.15 2.16 2.16
1.3 2.05 2.05 2.06 2.06 2.07 2.07 2.08 2.08 2.08 2.09
1.4 2.03 2.02 2.03 2.03 2.03 2.04 2.04 2.04 2.04 2.04
1.5 2.01 2.01 2.01 2.02 2.02 2.02 2.02 2.02 2.02 2.02
AEQL | 46.87 46.08 4593 4594 46.00 46.08 4617 4626 4636 46.45
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Table 5. ZSARL and AEQL values for the NSS 2-of-(h+1) Shewhart-type BTXII X control
schemes for n =5, 10 and 25 (continued)

h

nshift @) 2 3 4 5 6 7 8 9 10
00 | 37040 37040 37040 37040 37040 37040 37040 37040 37040 370.40
041 |147.14 13937 13643 13512 13457 134.44 13455 13483 13521 135.65
02 | 3502 3102 2956 2889 2858 2845 2844 2850 2860 28.74
03 | 1139 1012 978 969 971 978 988 999 1011 10.23
04 | 531 487 48, 485 493 501 509 518 526 534
05 | 330 313 314 320 325 331 336 341 345 349
06 | 252 245 248 251 255 258 260 262 264 266

| 07 220 217 219 221 223 224 225 226 227 228

0.8 2.07 2.06 2.07 2.08 2.09 2.09 2.10 2.10 2.10 2.11
0.9 2.02 2.02 2.02 2.03 2.03 2.03 2.03 2.04 2.04 2.04
1.0 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01 2.01
1.1 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00
1.2 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00
1.3 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00
1.4 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00
1.5 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00 2.00
AEQL | 41.13 40.93 40.89 40.89 40.91 40.93 40.95 40.97 41.00 41.02

Table 6. SSARL and AEQL values for the NSS 2-of-(h+1) Shewhart-type BTXII X control
schemes for n =5, 10 and 25

Shift h

(8) 1 2 3 4 5 6 7 8 9 10
0.0 |370.40 370.41 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40
0.1 |293.73 293.20 294.49 296.24 298.10 299.99 301.85 303.65 305.39 307.07
0.2 |170.80 163.46 160.79 159.69 159.28 159.34 159.59 159.99 160.48 161.03
03 | 8854 8107 78.04 7648 7558 7514 7489 7479 7480 7488
0.4 46.32 4121 3922 3822 3765 3738 3724 3718 3719 3725
0.5 2575 2263 2151 2099 20.72 20.63 20.60 20.63 20.68 20.76
0.6 15.44 1357 1296 1272 1263 12,63 12,67 1273 1281 12.89
0.7 9.99 8.85 8.53 8.44 8.42 8.47 8.53 8.60 8.68 8.76
5| 08 6.94 623 606 6.04 6.07 6.13 6.19 6.26 6.33 6.40
0.9 514 468 460 462 466 471 477 483 488 4.94
1.0 404 373 370 372 377 382 386 391 395 3.98
1.1 333 312 311 314 318 322 325 328 331 3.34
1.2 2.86 2.72 2.72 2.75 2.78 2.81 2.83 2.85 2.87 2.89
1.3 2.55 2.45 2.46 2.48 2.50 2.52 2.54 2.55 2.56 2.57
1.4 2.35 2.27 2.28 2.30 2.31 2.32 2.33 2.33 2.34 2.34
15 2.21 2.15 2.16 2.17 2.17 2.17 2.18 2.18 2.18 2.18
AEQL | 59.76 57.07 56.30 5599 5586 55.83 5583 5586 5590 55.95

n
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Table 6. SSARL and AEQL values for the NSS 2-of-(h+1) Shewhart-type BTXII X control
schemes for n =5, 10 and 25 (continued)

0.0 |370.40 370.41 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40
0.1 |240.76 236.76 236.13 236.55 237.40 238.51 239.70 240.94 242.19 243.45
0.2 99.27 9150 8835 86.75 8583 8539 8515 85.08 8511 8522
0.3 3991 3535 3360 3274 3226 3204 3193 3190 3192 3198
0.4 18.24 16.02 1526 1495 1480 1478 1480 1486 1493 15.02
0.5 9.71 862 831 8.22 8.21 8.26 8.32 8.39 8.47 8.55
0.6 5.96 5.38 5.27 5.26 5.30 5.36 5.42 5.48 5.54 5.61
0.7 412 381 3.77 3.80 3.84 3.89 3.94 3.98 4.03 4.06
10| 0.8 3.16 2.98 2.97 3.00 3.04 3.07 3.10 3.13 3.16 3.18
0.9 2.63 2.52 2.52 2.55 2.57 2.59 2.61 2.62 2.63 2.64
1.0 2.32 2.25 2.26 2.27 2.29 2.29 2.30 231 231 2.32
1.1 2.15 211 211 211 211 212 212 212 212 211
1.2 206 202 202 2.02 2.01 2.01 2.01 2.00 2.00 1.99
1.3 200 198 197 1.96 1.95 1.95 1.94 1.94 1.93 1.93
1.4 198 195 194 1.93 1.92 1.91 191 1.90 1.89 1.89
1.5 196 194 193 1.92 1.90 1.90 1.89 1.88 1.87 1.87
AEQL | 4583 4462 4415 4387 4368 4354 4343 4333 4324 4316
0.0 |370.40 370.41 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40
0.1 |146.88 138.98 135.93 134.52 133.83 133.63 133.65 133.83 134.12 134.48
0.2 3479 30.72 29.18 28.44 28.03 2786 27.77 2776 27.719 27.86
0.3 1126 9.95 9.56 9.43 9.40 9.44 9.49 9.56 9.64 9.73
0.4 522 475 4.67 4.68 4.72 4.78 4.84 4.89 4.95 5.00
0.5 323 3.04 3.03 3.06 3.10 3.13 3.17 3.19 3.22 3.24
0.6 246 237 238 2.40 241 2.43 2.44 2.45 2.46 2.46
0.7 2.14 2.10 2.10 2.10 2.11 2.11 211 211 2.11 2.10
25| 0g | 202 199 198 198 197 197 19 195 195 195
0.9 197 1.95 1.94 1.93 1.92 191 1.90 1.89 1.89 1.88
1.0 1.96 1.94 1.92 191 1.90 1.89 1.88 1.87 1.86 1.86
1.1 1.95 1.93 1.92 1.90 1.89 1.88 1.87 1.86 1.86 1.85
1.2 1.95 1.93 191 1.90 1.89 1.88 1.87 1.86 1.85 1.85
1.3 195 193 191 1.90 1.89 1.88 1.87 1.86 1.85 1.84
1.4 195 193 191 1.90 1.89 1.88 1.87 1.86 1.85 1.84
1.5 195 193 191 1.90 1.89 1.88 1.87 1.86 1.85 1.84
AEQL | 4012 3951 39.16 3890 3869 3850 3833 3818 3804 3791
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Table 7. ZSARL and AEQL values for the NSS 1-of-1 or 2-of-(h+1) Shewhart-type BTXII X
control schemes for n =5, 10 and 25

o | shift h
(®) 1 2 3 4 5 6 7 8 9 10
0.0 |370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40
0.1 |493.53 47858 463.93 44950 435.20 421.03 406.98 393.16 379.75 367.12
0.2 |346.07 322.99 303.14 285.73 270.19 256.09 243.12 231.05 219.74 209.15
0.3 |157.62 144.04 133.46 12496 117.94 111.99 106.83 102.27 98.14 94.37
04 | 7130 6443 5950 5581 5294 5065 4878 4721 4586 44.68
05 | 3570 3211 2973 2807 2685 2594 2524 2470 2426 23.92
06 | 1977 17.81 1663 1585 1533 14.96 1472 1455 1444 1438
0.7 | 11.93 1084 1023 9.87 965 952 946 944 945 949
5| 08 | 774 713 682 666 658 655 657 660 666 673
09 | 536 500 485 479 478 480 484 489 49 504
10 | 391 372 365 364 366 369 374 38 38 393
11 | 300 290 288 289 292 295 300 305 311  3.17
12 | 240 235 235 237 240 244 248 252 257 263
13 | 200 198 1.99 201 2.04 207 210 214 218 224
14 | 171 171 172 174 177 179 1.8 186 190 194
15 | 151 151 153 155 157 159 161 164 168 1.72
AEQL| 54.77 5216 505 49.35 4852 4793 4751 4723 4709 47.08
0.0 |370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40
0.1 |464.89 443.05 422.79 403.81 385.84 368.70 352.27 336.49 321.43 307.25
0.2 |181.70 166.50 154.47 144.68 136.49 129.49 123.35 117.87 112.88 108.29
0.3 | 59.69 53.84 49.73 46.70 4438 4255 4108 39.87 3884 37.95
04 | 2396 2156 20.06 19.05 1835 17.85 1750 17.24 17.05 16.92
05 | 1154 1049 992 957 937 925 919 918 920 9.4
06 | 643 59 574 563 560 560 563 567 574 582
07 | 403 382 375 373 375 378 38 389 395 4.02
10| 08 | 279 270 269 271 273 277 282 287 292 298
09 | 209 207 207 210 212 216 219 223 228 233
10 | 168 168 169 171 174 176 179 182 18 191
11 | 142 143 144 146 148 150 152 155 158 162
12 | 126 127 128 129 130 132 134 136 138 141
13 | 116 116 117 118 119 120 121 123 124 127
14 | 109 109 110 110 111 112 113 114 115 117
15 | 1.05 105 1.05 106 1.06 107 1.07 108 109 1.10
AEQL| 32.08 31.16 30.6 30.16 29.87 29.66 2952 2942 2937 29.37
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Table 7. ZSARL and AEQL values for the NSS 1-of-1 or 2-of-(h+1) Shewhart-type BTXII X
control schemes for n = 5, 10 and 25 (continued)

n Shift h
(©) 1 2 3 4 5 6 7 8 9 10
0 |370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40 370.40
0.1 29242 27119 253.39 238.15 22481 21293 202.16 19225 183.04 174.44
0.2 |50.75 4572 4225 39.72 3782 3635 3517 3422 3342 3275
03 |13.71 1242 1168 1123 1095 10.77 10.67 10.62 10.60 10.63
04 | 546 5.0 4.94 4.87 4.86 4.88 4.92 4.97 5.04 5.12
05 | 287 278 2.77 2.78 281 2.85 2.89 2.94 3.00 3.06
06 | 187 1.85 1.87 1.89 191 1.94 1.98 2.01 2.05 2.10

- 0.7 | 141 142 1.43 1.45 1.46 1.48 151 1.53 1.56 1.60

08 | 119 119 1.20 121 1.22 1.23 1.25 1.27 1.29 131
09 | 1.08 1.08 1.09 1.09 1.10 1.10 111 1.12 1.13 1.15
1 103 1.03 1.03 1.04 1.04 1.04 1.04 1.05 1.05 1.06
11 | 1010 101 1.01 1.01 1.01 1.01 1.02 1.02 1.02 1.02
1.2 | 1.00 1.00 1.00 1.00 1.00 1.00 1.01 1.01 1.01 1.01
1.3 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
14 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
15 | 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
AEQL| 22.79 2255 2239 2229 2221 2215 2211 22.08 22.07 2207

Table 8. SSARL and AEQL values for the NSS 1-0f-1 or 2-of-(h+1) Shewhart-type BTXII X
control schemes for n =5, 10 and 25

Shift h
®) 1 2 3 4 5 6 7 8 9 10
0 |370.40 370.41 37040 37040 37040 370.40 370.40 370.40 370.40 370.40
01 |49354 478.60 463.92 449.42 43500 420.64 406.33 392.19 378.43 365.47
02 |346.06 322.95 303.01 28547 269.75 255.41 242.14 229.72 218.02 207.02
03 | 15759 14394 133.27 124.65 117.48 111.37 106.03 101.26 9692  92.90
04 | 7127 6434 5934 5555 5259 5020 4821 4651 4503 43.71
05 | 35.67 32.04 2961 2788 2660 2561 24.84 2421 2369 23.25
06 | 1974 1776 1653 1571 1514 1473 1443 1420 1403 13.90
07 | 11.91 1080 1016 977 951 935 924 918 914  9.13
5| o8 | 773 709 676 658 647 642 640 640 642  6.45
09 | 534 498 481 473 470 470 471 474 477 4.82
1 390 370 362 359 359 361 364 367 371 376
11 | 299 288 28 28 28 289 292 295 299  3.03
12 | 240 234 233 234 236 238 241 244 248 252
13 | 199 19 197 198 200 202 205 208 211 215
14 | 171 170 171 172 174 176 178 181 1.83  1.87
15 | 151 151 152 153 155 156 158 1.60 1.63  1.66
AEQL | 5472 5204 5030 49.05 4813 4742 4687 4646 4616 4599

n
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Table 8. SSARL and AEQL values for the NSS 1-of-1 or 2-of-(h+1) Shewhart-type BTXIl X
control schemes for n =5, 10 and 25 (continued)

h
1 2 3 4 5 6 7 8 9 10
0 |370.40 370.41 370.40 37040 370.40 370.40 370.40 370.40 370.40 370.40
0.1 | 464.90 443.06 422.74 403.66 385.52 368.14 351.38 33521 319.70 305.08
0.2 | 181.67 166.40 154.28 144.36 136.03 128.84 12251 116.80 111.57 106.72
03 | 5966 53.76 4958 4646 4405 4213 4056 39.23 38.08  37.07
04 | 2393 2150 1996 1890 1815 1759 17.17 16.85 1659  16.39
05 | 1152 1045 9585 947 923 908 898 892 890 8.89
0.6 641 593 569 556 550 548 548 550  5.53 5,57
0.7 402 380 371 368 368 370 372 376 380 3.85
10, 0.8 278 269 266 267 269 271 274 277 281 2.85
0.9 209 205 2.06 2.07 2.09 2.11 214 217 220 2.24
1 168 167 168 169 171 173 175 177 180 1.84
11 142 142 143 145 146 147 149 151 154 1.56
12 126 126 127 128 129 130 132 133 135 1.38
13 115 116  1.16 1.17 1.18 1.19 1.20 1.21 1.22 1.24
14 .09 109 110 110 111 111 112 113 114 1.15
15 1.05 105 105 106 106 106 107 107 1.08 1.09
AEQL | 32.06 31.12 3050 30.06 29.73 2948 2929 29.14 29.04 28.98
0 |370.40 370.41 370.40 37040 370.40 370.40 370.40 370.40 370.40 370.40
0.1 | 29240 271.12 253.23 237.85 22434 21224 201.20 190.98 181.42 172.45
02 | 5072 4564 4210 3950 3752 3596 3469 3363 3273 3194
03 | 1369 1238 1161 11.12 1080 1058 1043 1033 1027 10.24
0.4 545 507 490 481 478 477 478 481 485 4.89
0.5 287 277 274 274 276 278 281 284 288 2.93
0.6 186 184 185 1.87 1.88 1.90 1.93 1.95 1.98 2.02
0.7 141 141 142 143 144 146 148 150 152 1.55
0.8 119 119  1.20 1.20 1.21 1.22 1.23 1.25 1.26 1.29
0.9 1.08 108 1.08 1.09 1.09 1.10 1.10 1.11 1.12 1.14
1 1.03 103 1.03 103 104 104 104 105 1.05 1.06
11 .00 101 101 101 101 101 101 1.02 1.02 1.02
12 1.00 100 1.00 100 1.00 1.00 100 1.00 101 1.01
13 1.00 100 1.00 100 1.00 1.00 100 1.00 1.00 1.00
14 1.00 100 1.00 100 1.00 1.00 100 1.00 1.00 1.00

15 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
AEQL | 2279 2254 2238 2226 2217 2210 22.05 2201 2198 21.97

n [Shift (3)

25
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(c)AEQL ZS 1-of-1 or 2-of-(h+1)

(d)AEQL SS 1-of-1 or 2-of-(h+1)

Figure 3. Overall performance of the proposed control schemes when
Omax = 2.5,n € {5, 10, 25, 50} and ARL, = 370.40
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Figures 4 (a)-(d) show that the SS
performance of the proposed schemes is
slightly better than the ZS performance. To
measure the performance of the proposed
control schemes for small shifts, we
computed the AEQL with &§,,,, = 0.7 since &
is small if 0 < & < 0.7. For both small and
moderate shifts considered together, we
computed the AEQL with §,,,, = 1.4 since &
< 1.4 consider both small and moderate
shifts. Thus, the 2-of-(h+1) control schemes
perform better than the 1-of-1 or 2-of-(h+1)

control schemes for small and moderate shifts
regardless of the sample size (see Figures 4
(a)-(b)). For large shifts, the 1-of-1 or 2-of-
(h+1) control schemes perform better than the
2-of-(h+1) control schemes regardless of the
value of h (see also Tables 5-8). These
findings were expected according to the
SPCM literature. The performance of the
proposed control schemes depends on the
sample size as well. The larger the size of the
sample, the more efficient the control scheme
is (see Figures 4 (c)-(d)).
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(c)Small shifts when n € {5, 10, 25}

(d) Small and moderate shifts when
n € {5, 10, 25}

Figure 4. Performance of the proposed control schemes for small and moderate shifts (In Figure
4, S = Small shifts (8,4, = 0.7) and M = Moderate Shifts (for both small and moderate shifts:
Omax = 1-4))

35



QUALITY
AEBAEARCH

A
¥
>N
- _
Y-y Y

551 Variable
—e— 2:0f-(h+1) ZS BTXEn =5
5‘ — - 2:0-(h+1) ZS BTXE n =10
g 2-of-(h+1) ZS X-bar:n=5
—A-- 2-0f-(h+1) ZS X-bar: n =10
50 2-of-(h+1) SSBTXI:n =5
—4— 2-0f-(h+1) SSBTXIn=10
—v- - 2-0f-(h+1) SS X-bar:n =5
——h-- 2-0f-(h+1) SS X-bar:n =10
R e ey e e e e )
45 N

454 AAS

B
ey 7
—_— ‘

—

Variable
—eo— 20H(n+1) ZSBTX:n=5
— - 2-0Hh+1) ZS BTXI n= 10

2-0f-(h+1) ZS X-bar: n=5
—A- - 2-0f(h+1) ZS Xbar: n =10

2-0f(h+1) SSBTXI n=5
—4— 2-0f(h+1) SS BTXI: n = 10
— v - 20{h+1) SS Xbar:n=5
--+-- 2-0f(n+1) SS Xbar: n = 10

AEQL
&«

30

51,

(a)2-of-(h+1) schemes

(b)1-of-1 or 2-of-(h+1)

Figure 5. The BTXII X control schemes versus the X control schemes when n =5 and 10

5. Hlustrative example

In this section, we illustrate the design and
implementation of the proposed control
schemes using the dataset from Mahmoud
and Aufy (2013). The data represent the shaft
diameter which is expected to be around
7.995 millimetres (mm). To assess the
production process, measurements of twenty-
five samples have been taken, each consist of
five items from the final production stage for
which a goodness of fit test for normality is
rejected.

For a nominal ZSARL, of 370.4, the ZS LCL
and UCL of the proposed NSS 2-of-(h+1)
BTXII X control schemes when h =1, 2 and
3 (i.e., 2-0f-2, 2-0f-3 and 2-of-4 schemes) are
given by (LCL,UCL) = (0.447,0.743), (0.44,
0.754) and (0.4, 0.76), respectively. A plot of
the charting statistics is shown in Figure 6 (a).
It can be seen that the proposed 2-of-2 and 2-
of-3 schemes signal for the first time on the
eighth sample (or subgroup). The 2-of-4
control scheme does not signal. The ZS LCL
and UCL of the traditional NSS 2-of-(h+1) X
control schemes when h =1, 2 and 3 are given
by (LCL,UCL) = (7.986, 7.993).

A plot of the X charting statistics is shown in
Figure 6 (b). It is seen that the traditional NSS
2-0f-2, 2-0f-3 and 2-of-4 schemes does not
signal.

The ZS control and warning limits
(LCL,UCL) and (LWL, UWL) of the proposed
NSS 1-of-1 or 2-of-(h+1) BTXIl X control
schemes are given by (0.385, 0.806) and
(0.402, 0.788), respectively, when h =1, 2
and 3. A plot of the charting statistics is
shown in Figure 6 (c). It can be seen that the
proposed 2-of-2, 2-of-3 and 2-of-4 schemes
signal for the first time on the sixth sample.
The ZS control and warning limits
(LCcL,UCL) and (LWL,UWL) of the
traditional NSS 2-of-(h+1) X control schemes
are given by (7.985, 7.999) and (7.986,
7.998), respectively, when h =1, 2 and 3. A
plot of the X charting statistics is shown in
Figure 6 (d). It can be seen that the traditional
NSS 1-of-1 or 2-of-2, 1-of-1 or 2-0f-3 and 1-
of-1 or 2-of-4 schemes do not signal.

The illustrative example demonstrates the

superiority of the proposed control schemes
over the traditional control schemes.
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Figure 6. BTXII X and X control charts of the measurements of shaft diameter in Zero-state
mode
6. Conclusion and summary normal and non-normal  distributions.
Practitioners in  the industries are

In this paper, we proposed NSS 2-of-(h+1)
and 1-of-1 or 2-of-(h+1) Shewnhart-type X
control schemes for non-normal data as
alternative to the traditional improved
Shewhart-type X control schemes when the
assumption of normality fail to hold. It was
observed that the proposed control schemes
outperform the traditional ones, and present
very interesting RL characteristics under the

recommended to use the proposed control
schemes instead of the traditional control
schemes when the process is not stable or
when there are doubts about the nature (or the
shape) of the underlying distribution. When
small and moderate shifts are of interest, it is
recommended to use the 2-of-(h+1) control
schemes regardless of the size of the sample.
For large shifts, it is recommended to use the
1-of-1 or 2-of-(h+1) control schemes.
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In future we will consider the design the side- Acknowledgements: The authors thank the
sensitive 2-of-(h+1) and 1-of-1 or 2-of-(h+1) University of South Africa (UNISA) for the
Shewhart-type X control schemes for non- support.

normal under the assumptions of known and

unknown process parameters.
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Appendix A: TPMs of the 2-of-(h+1) NSS schemes

In this appendix, we explain how the Markov
chain approach is used for the 2-of-(h+1) NSS
schemes. Let Y; (where i > 1) be a sequence
of iid random variables taking values in the
setZ=1{1,2,3} andlet P(Y; = z) = p, (for 1
< 7 < 3). Letz = 2 denote a conforming state
(i.e., the charting statistic falls between the
LCL and UCL) of the proposed scheme;
while, z = 1 and 3 denote the upper and lower
non-conforming states, respectively (see
Figure 1). For example, 3211 indicates that in
a sequence of four test samples, the first is an
lower non-conforming (i.e., the charting
statistic of this sample plots on or below the

LCL), the second is a conforming sample, and
the third and fourth samples are upper non-
conforming samples (i.e., their charting
statistics plot on or above the UCL). The digit
on the right end of the series denotes the state
of the most recent test sample while digits to
the left represent the states observed in earlier
samples. In this paper, we use both digits and
alphabets to represent the different states.

Let us now consider the compound pattern of
the 2-of-(h+1) NSS schemes for h =1, 2, 3
and 4. The compound (or absorbing) patterns
of this scheme when h =1, 2, 3 and 4 are
obtained as follows:

A={A, = {AA}, A, = {AC}, A5 = {CA}, A, = {CCH} forh = 1

A={A, = {AA}, A, = {ABA}, A, = {CC}, A, = {CBC}, A = {ABC}, A, =
{AC}, A, = {CA}, Ay = {CBA}} for h = 2

A={A, = {AA}, A, = {ABA}, A, = {CC}, A, = {CBC}, A; = {ABC}, A, =

(A1)

{AC}, 4, = {CA}, Ag = {CBA}, A = {ABBC}, 4,, = {ABBA}, A,; =
{CBBA}, 4,, = {CBBC}} for h = 3

A={A, = {AA}, A, = {ABA}, A; = {CC}, A, = {CBC}, A5 = {ABC}, A4 =
{AC}, A, = {CA}, Ag = {CBA}, Ay = {ABBC}, A, = {ABBA}, A, =
{CBBA}, A,, = {CBBC}, 4,5 = {ABBBA}, 4,, = {ABBBC}, 4,5 = {CBBBC}, 4, =
{CBBBA}} for h =4

According to the NSS scheme properties and
in order to simplify Equation (A.1), we
assume that states A and C represent the non-

conforming state denoted by 0 (i.e., AUC =

0). Therefore, Equation (A.1) becomes:

A={A; ={00}}forh =1

A={A, = {00}, 4, = {0BO}} for h =2

A={A, = {00}, 4, = {0B0}, 4, = {0BBO}} forh =3  (A2)

A={A, = {00}, A, = {0BO}, A5 = {0BBO}, 4, = {0BBBO}} for h = 4

Thus, the Markov chain states of the 2-of-
(h+1) NSS schemes for h = 1,2,3 and 4

based on the absorbing patterns given in

Equation (A.2) are obtained as follows:
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Step 1: List all the absorbing patterns (see state given by {B} for any value of
Equation (A.2)). h. Thus, the dummy state is defined
Step 2: Create the dummy state denoted by by
¢ which is defined by the single IC
¢=n={Blforh=1,2,3,.. (A.3)
Step 3: Decompose each element in the sub-patterns) states by removing the
absorbing patterns given in Equation last state.

(A.2) into its basic (i.e., transient
{n, ={0}}forh =1

{n, ={0},n; = {0B}} forh =2

(A.4)
{n, = {0}, n; = {OB},n, = {OBB}} forh =3
{n, = {0}, n3 = {0B}, n, = {0BB}, s = {OBBB}} forh =4
Step 4: Denote the OOC states as “O0C” Step 5: Combine the states in Step 2 to 4 to
given by Equation (A.1). For get the state space denoted by Q.
example, for h = 3, OOC = {00, Therefore, the state space of the 2-
0BO, 0BBO}. of-(h+1) NSS schemes are given by
{¢;n,;00C}forh =1
{¢;m2,15;00C} for h =2
(A.5)
{#; 12, 13,14, 00C} for h = 3
{¢;m2,M3,M4,m5; 00C} for h = 4
Step 6: Construct the TPMs of the proposed NSS scheme is constructed as

NSS schemes. For instance, when follows:
h = 3 the TPM of the 2-of-(h+1)

Table A.1. Construction of the TPM of the two-sided 2-of-(h+1) NSS schemes when h = 3

¢ N2 n3 N4
@ {0y (0B} {oBB} °0°C
¢ ={B} P Po 0 0 0
1, = {0} 0 0 PB 0 Po
n3 = {0B} 0 0 0 Ps Po
14 = {OBB} P2 0 0 0 Po
00C 0 0 0 0 1
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The improved 2-of-(h+1) NSS schemes is following compound patterns:
constructed in a similar way according to the

A={A, = {D},A, = {EE}}forh =1
A={A, = {D}, A, = {EE}, A; = {E3E}} forh =2
A={A, = {D}, A, = {EE}, A; = {E3E}, A, = {E33E}} for h =3 (A.6)

A={A, = {D}, A, = {EE}, A; = {E3E}, A, = {E33E}, As = {E333E}}
for h = 4.
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